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ABSTRACT 

5t ! Many PF-algebras (e.g. the W]\j algebras) are consistent for all values of the 

central charge except for a discrete set of exceptional values. We show that such 
algebras can be contracted to new consistent degenerate algebras at these excep- 
tional values of the central charge. 
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Many W^-algebras, such as the Wn algebras [1- 5] which are generated by 
currents of spin 2, 3, ... A^, have the property that they are defined for all values of 
the central charge, except for a discrete set of exceptional values. It is the purpose 
of this paper to investigate such W^-algebras for these exceptional values of the 
central charge. 

This work was originally stimulated by the paper [8] which claimed to give 
a construction of the W4 algebra for c = —2, which appeared to contradict the 
results of [6, 7] who claimed that the 1^4 algebra was defined and satisfied the 
Jacobi identities for all values of c except a discrete set of exceptional values, 
which unfortunately included the value c = —2. This suggested that the c = —2 
algebra of [8] could not be the usual 1^4 algebra, and raised the question as to 
what it might be. We will return to this algebra at the end of the paper. 

The Ws algebra is given by 

2 o 

[Ln, Wm] = (2n - m)Wn+m 

[Wn, Wm] = ^y Sn+m (1) 

+ ~^ [2(n + m)2 - 5nm - 8]Ln+m 

22 + 5c ' ^ 

where 

Q 

Km = ^-- Lm-nLn--- — {m + 'i){m + 2)Lm, (2) 

n 

For any currents A, B with modes A^^ B^, we define the usual normal ordered 
product : AnBm : by [1, 3]. 

r AnBm, if m > n 

: AnBm ■■={ ^ , ., (3) 

I BmAn, It m<n 

The form of the algebra is uniquely determined by requiring that the Jacobi identity 
be satisfied and that the central charge terms have a conventional normalisation 



[1]. Note, however, that the structure constants become divergent if c = ^g-, 
unless the spin-four quasi-primary field A given by (2) vanishes or can be set to 
zero. However, the fact that the form of the coupling constants is fixed by requiring 
a conventional normalisation of the currents suggests that it might be possible to 
absorb the divergence occuring for c = ^^ into a rescaling of the generators. To 
this end, we consider the redefinition 

Wn^W;, = V5c + 22Wn (4) 

The new generator W^ is still a spin-three primary field, but the [W, W'] commu- 
tator is now 

(n-m)(22 + 5c).^, ,2 r oi r (5) 

+ - -^ ^-[2{n + my - 5nm - 8]K+m ^ ' 

+ 16(n - m)An+m 

For all values of c not equal to —22/5, this gives an algebra which is equivalent to 
the original Wj, algebra. However, for the rescaled algebra, it is now possible to 
take the limit c -^ ^g- while keeping W' finite and obtain a non-singular algebra. 
The resulting algebra has a primary spin-three generator W' satisfying 

[W'^,W'J = lQ{n-m)K+m (6) 

The absence of any central charge term in this commutator implies that W' is 
null, in the sense that the vacuum expectation value < W'{z)W'{w) > vanishes 
and WLn I > is a zero-norm state for any state | > satisfying the condition 
W^^ I >= for n > 0. The fact that the algebra generated by Ln, W^ satisfies 
the Jacobi identities for all c 7^ —22/5 implies, by continuity, that the new algebra 
obtained in the c -^ ^-P- limit also satisfies the Jacobi identities. The construction 
of this new algebra as a limit of rescaled algebras is similar to a Wigner-Inonu 
contraction. 



In general, for a W^-algebra with generators W n of conformal dimension A^ 
(labelled hj A = 1,2, . . .), the algebra will take the form 

[W^m, W^n] = g'^^m{rr? - 1) ... (m^ - (A^ - lf)6^+n + ■■■ (7) 

(plus W^ -dependent terms) for some constant matrix g , so that < WW >oc 
g , and we shall refer to g as the metric of the algebra. On the right hand 
side of (7), terms involving the generators have been suppressed. For algebras 
with unitary representations g should be positive definite and should vanish if 
A^ 7^ As. Then a basis can be chosen to diagonalize g and it is conventional 
to normalise the generators so that 

[Wt W^] = X(^^rY)j^^'' Wnm(m2 _ 1) . . . (^2 _ (^ _ 1)2) ^ 

for some central charge c. Given this normalisation, requiring the Jacobi identities 
to hold fixes the form of most of the known W^-algebras uniquely. In many cases, 
the resulting structure constants are singular for certain discrete values of the 
central charge c and in these cases it is again possible to find a contracted algebra 
which is non-singular at these special values of the central charge. In each case, the 
contracted algebra has a metric g which has zero eigenvalues and hence includes 
null generators. 

The 1^4 algebra is given by [6] 

+ C^^aPAAABA„(^, m)h°-n+m 

where W niW'^n = L^, W^n = Wn, W^n = y-n) are the modes of the primary fields 
of spin-A^, (A^ = 2,3 and 4, respectively). The PAaAsAcI^)""^) are certain 'uni- 
versal' polynomials and the A" (a = 1, . . . , 7) are composite operators constructed 



from the primary fields, given by 



Al = A =: W'^W'^ : -— SV^ 

10 

A^ = A=: W^W'^ : -— SV^ 

14 

A^ = r =: W'^d^W'^ : -d : W'^dW'^ : +-9^ : VTV^ : -— 5^VI/2 

9 42 

A^ = A =: kW"^ : -i^^A (9) 

6 

A^ = 1] =: W^V^ : -i<9V^ 

6 

A6 = n =: W-V^ : -Is^W-^ _ 40 ^^ _ 1^3352^4 

84 9(5c + 22) 36'^^ 

A^ = e =: 1^^(91^2 . _2^ . v^3y^2 . J^}_Qi^ri 

^U 



with : AB : indicating the normal ordering of the operators A and B expressed by 
(3) when they are decomposed in terms of their modes A^ and B^. 

The structure constants f c ^^^ C c that depend on the central charge [6] 
are given below: 



.,33^2_16(7c+114)(c + 2) 
1/4 ) 



3(5c + 22)(c + 7) 



f .44^2 ^ 27(c2 + C + 218)2 .^q. 

^■'^ ' (7c + 114) (5c + 22) (c + 7)(c + 2) 



^34 _ 3 „33 
/3 — ^/4 



^33 



^ he + 22 






32 

42 



5c + 22 



44 _ 3(19c-582) 

^ 20(7c+114)(c + 2) 

44 96(9c - 2) ^ 

^ (7c+114)(5c + 22)(c + 2) (^^^ 



44 _ 36(C^ + C + 21S; 44^ 

(5c + 22)(c + 2)(c + 7)^^^ 



" ~ (5c + 22)(c + ^^^- ' '^^^^' 
44 _ 45(5c + 22) 
n 2(7c+114)(c + 2) 

34 _ 39 33 34 _ 3 33 

^^ " 7^TTl4^4 ' ^Q " 4(^T2y^4 

The algebra satisfies the Jacobi identities for all values of c, except for the iso- 
lated points c = — 2, — ^, — 7, — -i^ [6] (although in [7] it is claimed that the 
Jacobi identities are satisfied for all values of the central charge except c = 
— 2, — -g-,— 7, — ^! 2'^T'^5)' "^^^ structure constants become complex in the 
intervals -114/7 < c < -7 and -22/5 < c < -2. 

Although the W4 algebra does not exist at these exceptional values of the 
central charge, we can again define new contracted algebras at these values of c. 
Consider first rescaling the spin-4 generator, Vn-, by Vn -^ \/h\Jc + 2Vn and then 
taking the limit c -^ —2. This gives a contracted algebra generated by the Virasoro 
generators and the spin three and four primary fields W^ V satisfying 

\W W 1 -2 n(n2-l)(n2-4) ^ 



[n — m) 

4. .. 10 



\ lb — lib . , .9 _ 

+ ^^ [2(n + my - 5nm - 8]Ln+m 



+ -{n-m)An+m + —in-m)Vn+m Q2) 

33 

[Vn, Vm] = T^(^ - m)[{n - m)2 + nm - 7]K+m 

(n-m) 93 27 ~ 



[Wn,Vm] = e 



n+rn 



where r„, A,„ Qn, and e,, are given by (9) , and H =: WW : -^d^L - ^d'^A - 

Similarly, it is possible to obtain a contracted W4 algebra for c = —114/7. 
However, after the contractions has been done, some of the new structure constants 
in the conmutators of the spin three and four primary fields are not real numbers. 
After the transformation 

W ^ -^\/^W (13) 

/42 
V^4t^-V, (14) 

the structure constant are all real and the contracted W4 algebra at c = — — is 
given by the following set of commutators (in addition to the Virasoro algebra and 
the ones that state the fact that the generators W and V are primary fields) 

[Wm, Wn] = P3u{m, n)[4:Vm+n + ^A^+n] 

- yP332(m,n)L„j+n n^\ 



247 fm + 2\ 

+ ^ 1 . ) ^rn+n 



\ 5 )■ 
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[Wm, Vn] = -7P345im, n)Am+n (16) 



where 



3 ~ 1 39 

Wm, Vn] = Pueim, n)[-Ilm+n + -^m+n - -^^rn+n] 

4 o oU 

50 275 
- Pudm, n)- —Vm+n 



f[=:WW: --d^V - ^d'A + -^d^L. 
9 72 1176 



(17) 



After the rescaling W -^ {c + Ty^W and V -^ (V3(c + 7))~pV, to obtain a well 
defined limit of the structure constants at c = —7, the exponents p and q must 



satisfy the following relations 

p = q with 5' > 9 

1 1 (^^) 

or p = 2g— ^; Q > 2 

The first relation with q = p = 2 gives rise to the following commutation relations 

[Wn, Wm] = — (n - m)Vn+m 

[Vn, Vm] = — - — [{n - mf + nm- 7]K+m 

+ -^—[4Qn+m + Y^n^+m] (19) 

15 
[Wn, Vm] = — (5n^ -17? - 5mr? + 3rr?n - 17n + 9m)lVn+m 

12 

+ — (3n + 2m)A„+^ - 30n+j„ 

where H =: W^iy : —^d'^V. li p = q > ^ then the contracted commutation 
relations are 

9 ~ (20) 

[K, '^4n] = ^(^ ~ m)nn+m 

where ft =: WW : . 

The second relation in (18) allows the following limit 

10 (21) 

[Wn, Wm] = —{n~ m)Vn+m- 

The contraction for the case c = — -g- can be obtained through the rescaling W -^ 
(5c - 22)-i/'^W and V ^ {5c - 22)-P/V with {p, q) E {{p, q)/p >\,q>\,p> 
g — 2 and p < 2g — j}- The result is a set of null field commutation relations for 
the generators of conformal dimension three and four, with some of the coefficients 
complex. 



To summarise, we have seen that W^— algebras that are consistent for all but a 
discrete set of exceptional values of the central charge can be contracted to algebras 
that can be continued consistently to these values of c, resulting in new algebras 
at these c-values. These new algebras have a degenerate metric, so that some of 
the generators have become null and the rank of the algebra has been reduced. 

We now return to the paper [8], in which Wn algebras for c = —2 are claimed 
to have been constructed. For the A^ = 4 case, for example, quasi-primary currents 
T, W, V of spins 2, 3 and 4 are constructed from free fermions and it is claimed that 
they satisfy a closed algebra which also satisfies the Jacobi identities and contains 
the Virasoro algebra with c = —2. It is usually assumed in such cases that each of 
the quasi-primary currents of spins greater than 2 can be modified by expressions 
involving composites constructed from the currents and their derivatives in such a 
way as to obtain primary currents. The algebra in this primary basis should then 
again be closed and satisfy the Jacobi identities. If this were the case, and if all the 
currents were non-null, then the algebra should be the standard IV4 algebra given 
by (8) for some value of the central charge. However, the Virasoro generators are 
unmodified and so still satisfy the Virasoro algebra with c = —2, implying that the 
whole W4 algebra would have c = —2. However, as we have seen, the standard W4 
algebra does not exist at c = —2, so it follows that at least one of our assumptions 
must be wrong. The quasi-primary fields in the original algebra of [8] were all 
non-null, i.e. the expectation values < TT >, < WW > and < VV > were all 
non-zero. This suggests that the problem must come from the change of basis form 
quasi-primary to primary currents, and that some of the primary currents become 
null. We now show that this is indeed the case. The spin-three current W of [8] 
is in fact primary and needs no modification, but the spin-four current V is not 
primary. It is straightforward to show that the current 

V' = V-:TT : -—d'^T (22) 

10 ^ ' 

is in fact primary, so that a primary basis for the algebra is given by T, W., V' . 
However, for the fermionic realisation of [8], the current V' vanishes identically. 



so that the algebra collapses to the Ws algebra at c = —2, which is of course a 
special case of the contracted W4 algebra at c = —2 constructed above (and it 
is possible formally to re-introduce a null primary spin-four current V' to obtain 
precisely this contracted algebra). Similarly, for each of the 'W^v' algebras of [8] 
with A^ > 3, there is again the problem that none of the Wn algebras with A^ > 3 
exist for c = —2. The resolution is again that, on changing to a basis of primary 
currents, each of the currents of spin greater than 3 vanish identically, so that for 
each case the algebra that is constructed is just Ws (or a singular contraction of 
Wn) and so the problem that is avoided. 

After this work was completed, we learned of related work by Niedermaier 
[9], in which he considers Wi\[ algebras in a basis of quasi-primary currents, and 
shows that these algebras are consistent for all values of c, and in particular the 
structure constants are non-singular functions of c. However, the rank of the 
algebra (essentially the number of non-null generators) which is A^ — 1 for generic 
values of c, becomes smaller for special values of c, e.g. for W4, the rank of the 
algebra becomes less than three for c = 0, —2, —7, —114/7. Further, the change of 
basis from quasi-primary to primary currents which is possible for generic values of 
c, becomes singular at c = —2, —22/5, —7, —114/7. By relaxing the conventional 
normalisation condition on the primary fields, it is possible to obtain a non-singular 
change of basis to obtain one of the contracted algebras described above for c = 
—2,-7,-114/7 but this is not possible for the value c = —22/5. Thus the W4 
algebra of [9] is equivalent to the standard W4 algebra for non-exceptional values 
of the central charge but is equivalent to the contracted W4 algebras described 
above. 
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